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In this paper we study an N — 1 supersymmetric extension of a perturbatively super-renormalizable 
(nonlocal) theory of gravity in four dimensions. The nonlocal supergravity theory is power-counting 
super-renormalizable and tree level unitary with the same particle content of the local N — 1 
supergravity (as simple example, unitarity of the three dimensional N — 1 and N = 2 supergravity 
is proved). We believe that extended SO(N) supergravity, for N = 4 or N = 8, might be free from 
divergences also at one loop. The extended supergravities would then result finite at any order in 
the loop expansion. 
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One of the greatest revolutions in quantum field the- 
ory is the discovery of supersymmetry. In this letter we 
consider a nonlocal extension of the higher-derivative su- 
pergravity, and we prove that the theory only includes 
the particles compatible with the individualized graded 
supersymmetry. The approach we follow here is the same 
as that introduced in some recent papers, with the lim- 
its of D = 4 (H-II7} and a multidimensional spacetime in 
[l8j . The theory fulfills a synthesis of minimal require- 
ments: (i) classical solutions must be singularity-free; (ii) 
local Supergravity should be a good approximation of the 
theory at an energy scale E « Mp, where Mp is the 
Planck mass; (iii) the spacetime spectral dimension has 
to decrease with the energy [lj|; (iv) the quantum the- 
ory has to be perturbatively finite or renormalizable; (v) 
the theory has to be unitary, with no other pole in the 
propagator in addition to the supergravity multiplct. 

Let us start with the simple N = 1 supergravity in 
four spacetime dimensions. The supersymmetric multi- 
plct consists of the spin-2 graviton, the spin-3/2 grav- 
itino and three auxiliary fields. The theory we are going 
to propose in this paper is a nonlocal extension of the 
quadratic supergravity suggested in [2(| Hl| , and it has 
the following structure, 

C = -~ (k~ 2 R + more) + (k~ 2 R a(D) R + more) 
2 ^ „ / s „ ✓ 



+ k~ IR^, /3(D)R^ --Rp(D)R)+ more, (1) 

V V ' 

C C 2 

where k 2 = 8irG. The word "more" indicates terms with 
gravitinos and auxiliary fields necessary to make each 
term of the theory locally supersymmetric. On the other 
hand, the two "form factors" a(D) and /3(D) are "entire 
functions" of the covariant D'Alembertian operator [22I — 
l2~il ]. For N = 1 the Super-Poincare Lagrangian density 
reads 

C R = K - 2 R + i,.R+^(S 2 + P 2 - A]) , 
i>-R = e- 1 tp li e^P' 7 ^V p tp a . (2) 
As far as the kinetic terms are concerned, the i? 2 -type 



invariants are: 



C R 2 



2 Ra(D)R + R-j 07a(D) • R 



-4 (d»S)a(n)(d»S) ~ 4 (^P)a(D)(^P) 
+A{d^)a{U){d v A v ), (3) 

and the linearized nonlocal generalization of the super- 
conformal terms are: 



1 



- d»d u )p(n) r v - -Yi ■ R 



(4) 



where S is a scalar term and P is a pseudo-scalar, is 
a vector and its curvature. Studying unitarity, we 
will show later that the "linearized" nonlocal theory re- 
spects global supersymmetry, since all the states fill up 
the N = 1 supergravity multiplct. Of course, other terms 
with gravitinos, auxiliary fields and vector fields as well as 
4-fermions interactions might be added to implement lo- 
cal supersymmetry (2oT | . In this paper we assume the R 2 
action to be fully known, its nonlocal extension included. 
However, these terms are not essential to get the prop- 
agators, nor to extract information about the spectrum 
as well as the unitarity of the theory. The mass dimen- 
sion of the couplings and fields are: [7] = 0, [«] = —2. 
a(LT)] = [/3(D)] = -2, [W] - 3/2, [S] = [P] = [A,] = 2, 
[R^] = 5/2. 

To calculate the two-point functions, we first expand 
the Lagrangian (pj in powers of the graviton field defined 



by g^ v 



k h u 



Then, inverting each quadratic 



term of the gauge fixed action [20j], we get: 



(hh) 



P 2 



pO,s 



7 D 



(W)=- 



(AA) = 



/3(a)0 2 
4 

p3/2 



^ - 3a(D) D 2 ' 

pO,s 



(£(□)□ 
P 1 



(-12a(D)D + 7) 



P° 



2rf(D)D 
3 



3-4a(D)D 



(SS) = (PP) 



4a(D)D - 



(5) 
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In all the indexes have been omitted and the pro- 
jectors that satisfy orthonormality, decomposition of the 
unity and completeness [28| . are: 



Pf,! 2 = V - 



:7^7^ , 7m = 7m - w m ' 



/rjl/2-. 1- - rr> 1 / 2 \ 1 - 



(P21 2 )^ ~ ' (-^22 — ' 



1 



= Su,u - WnW 



□ 



(6) 



P 2 ,P°' s ,P°' ts are the spin-2 projectors defined in [H[ 
and P 1 and P° the vector field projectors. Let us intro- 
duce the following notations: 

«(□) :=ao + ho(n), p(D):=p 2 + h 2 (D), (7) 

where h 2 (z) and ho(z) are two entire functions of their 
argument z = □, which can be defined in terms of a 
single entire function H(z), 



h 2 (z) 



2z 



7(e g(z) -l) + 12& z 
ho(z) = 12^ ' (8) 



We can express the graviton propagator as follows, 

8P 2 4P°> S 



(hh) = 



a~h 2 (a) Dh (a) ' 

. 7 , /?(□)□ 



(9) 



h (n) = j-3a(a)a. 

Given the above 2-point function, we require h 2 (z), ho(z) 
to be real and positive on the real axis and without ze- 
roes on the whole complex plane for \z\ < +oo. This re- 
quirement implies that there are no gauge-invariant poles 
other than the transverse massless physical graviton pole. 
A similar requirement has to be satisfied by the other 
fields in the theory. 

We are going to show that, for a given choice of a(D) 
and /?(□), we are able to remove at the same time the 
extra poles in the graviton, as well as the gravitino and 
the auxiliary fields propagators. This will be a positive 
proof of global supersymmctry, since all the states fill up 
the N = 1 supergravity multiplet plj . 

Let us assume now that the quantum theory is renor- 
malized at some scale /xo . If we want the bare propaga- 
tors to possess no other gauge-invariant poles in addition 
to those that fill up the N = 1 supergravity multiplet, 
and if we want in particular to avoid ghosts to preserve 
unitarity, then we have to set 



a (no)=a , /3 2 (no)=j3 2 , j(fio) =7. 



(10) 



If we choose another renormalization scale /1 7^ no, then 
the bare propagators acquire poles; however, these poles 
cancel out in the dressed physical propagator with a cor- 
responding shift in the self energy. Using (fTU| all the 
propagators simplify to 



(hh) = 8- 



,-H(0) 
e -H(D 



p2 



pU 



1? 



(AA)=3e~ H W [pi + pO] 7 -\ 
(SS) = (PP) = -3e- H ^ f- 1 . 



(11) 

(12) 

(13) 
(14) 



Since H(z) is an entire function, the pole structure of 
the 2-point correlators respects the N = 1 global super- 
symmetry and no other particle appears in the theory. 
In particular it is only at high energy that the auxiliary 
fields acquire a sort of kinematic term. Supersymmc- 
try allows us to maintain unchanged the spectrum with 
a single choice of the operators £*(□) and /3(0). Once 
again, this is also a consistency check of the truncated 
Lagrangian 



C M C R + C R 2 + C 



C-2 



(15) 



Following Efimov's study on nonlocal interactions [22j , 
we identify a class of theories characterized by the form 
factor V(z) := exp— H(z) in (J8j) - Let us consider the 
gauge invariant graviton propagator (|11[) in the following 
general form (please note that the other propagators (fT2"l 
IT4"| are uniquely set once the graviton propagator has 
been chosen), 



D(z) 



V(z) 



(16) 



(the notation is rather compatible with the graviton 
propagator and z := □). 

As shown by Efimov [22], the nonlocal field theory is 
"unitary" and "microcausal" provided that the following 
properties arc satisfied by V(z), 

I. V(z) is an entire analytic function in the complex 
z-plane and has a finite order of growth 1 /2 ^ p < 
+00 i.e. 3 b > 0, c > so that 



\V(z)\ «S ce b 



(17) 



II. When Re(z) — > +00 (fc 2 -> +00), V(z) decreases 
with sufficient rapidity. We can encounter the fol- 
lowing cases: 



a. V{z) = 0(jp) (o>1), 



b. lim Rc(2) ^ +00 \z\ N \V(z)\ = 0, V7V > 0. 

III. [V(z)\* = V(z*) and V(0) = 1. The function V(z) 
can be non-negative on the real axis, i.e. V(x) ^ 0, 
x = Re(^). 



3 



We also define the following conical region, 

C = {z | - 9 < argz < +6 , 7r - 9 < argz < n + 6}, 
for < 9 < tt/2. (18) 

Here we study the II. a. example. Once we express the 
form factor as the exponential of an entire function H(z), 



V(z) 



o-H(z) 



(19) 



an example of entire function H(z), which is compatible 
with the property II. a, is 

H(z) = \ [ 1E + r (0,p 2 a (z))] + \og[ Pa (z)} , (20) 

is? „ ( z )2™ 



n=l 



where p a {z) is a real polynomial of degree a, is the 
Euler's constant and T(a, z) is the incomplete gamma 
function. If we choose p a (z) = z a , the angle, which 
defines the cone C, is 9 = ir/4a. 

Given the above properties, let us study the ultraviolet 
behavior of the quantum theory. Following (2J H^, [28| 
we assume that there are no other ultraviolet relevant 
vortexes to evaluate the power-counting renormalizability 
besides the following, 



v h ~ h e (d 2 h) (d 2 h) , 

e B(P) 

v^~h l (di))^^(d 2 i>), 



□ 

V s ~h e e H ^S 2 , V P ~h l e H ^P 2 , 
V A ~ h e dA dA , 



(21) 



where h indicates a vertex with £— gravitons. We in- 
troduce the following notation: £?/,., B5, Bp, Ba, F^ 
indicate respectively the number of internal lines for the 
graviton, scalar, pseudo-scalar, vector and fermion fields; 
Vh-iVsiVp^VAiV^yVi^ indicate the number of vertexes 
with the structure defined in pip . The upper bound to 
the L— loops amplitudes reads, 



A W ^J{dk) iL (e- H ) L L k 



-[2(B h -V h ) + F^-V^] ^ (22) 



In (|22j) we used again the topological relation between 
vertexes, internal lines and number of loops, which for 
this theory reads 



L - 1 = B h + B s + Bp + B A + 

-Vh -V s -Vp-V A ~V^~ TV 



(23) 



For the theory defined by the entire function (|20[) and 
the minimal choice p a (z) = z 2 , the superficial degree of 
divergence resulting from the amplitudes (|22|) is 

5 ^ 4 - 2(a - 2){L - 1) - [2(B h - V h ) + {F 4 - V 4 )]. 



Therefore, only 1-loop divergences survive if a > 4 and 
the theory is super-renormalizable (29j . In this theory, 
the only quantities still to be rcnormalized are 7, /?2, 
ao- The form factors «(□) and /3(D) can be measured 
experimentally like the analog quantities in experimental 
particle physics. 

Here we study the II. b. example of form factor, 



V(z) 



for n e N_i 



p = n < +00. 



(24) 



When omitting the tensorial structure, the high en- 
ergy propagator in the momentum space reads D{k) = 
cxp-(k 2 /A 2 ) n /k 2 . From ^ we see that the L-loops 
amplitude is UV finite for L > 1 and it still diverges like 
"A; 4 " for L = 1. 

Let us see if we can make the theory convergent also 
at one-loop. In other words, we are going to investigate 
if and under what conditions the theory can be "finite" . 
The well-known argument about one-loop finiteness of 
N = 1 supergravity develops like in [33]. The one loop 
counterterms for any matter system ($) that is covari- 
antly coupled to Einstein gravity are 

A£=~ [xR% + yR 2 + zR^^M^""^) + ™iV($)] , (25) 

where e = D — 4, while M^ l/po '(<I>) and N(<&) are polyno- 
mial in the background fields $, in their derivatives d<& 
and in the vierbain e OM . In Einstein gravity the equations 
of motion R^ u — Rg^/2 = —n 2 T^ u are satisfied and we 
can express (|25[) in the following equivalent way, 



AC 



[4xk 4 T^ + 4y« 4 T 2 + zR ■ M($) + wN(®)] , (26) 



where we defined R ■ Af($) := R^paM^P* (§) and T 
is the trace of the stress-energy tensor. In this form AC 
does not contain terms with only the gravitational field, 
and clearly AC has vanishing matrix elements between 
purely graviton states. On the other hand, global super- 
symmetry relates the amplitudes with the external mat- 
ter fields to the amplitudes with only external gravitons, 
since the matter fields are in the same multiplet as the 
supergravitons. Therefore, since (AC) = on any exter- 
nal state, we infer the theory is one-loop finite. In our 
theory the same argument does not apply because the 
classical Einstein equations are no longer satisfied. Let 
us explain more in detail this point. For 7 = 7, ao = ao 
and a.% = oti, the super-renormalizable action simplifies 
to 



7 

2k 2 



-R + G» v 



1 



□ 



Rau 



c 



M 



(27) 



where G^ v is the Einstein tensor and Cm is the La- 
grangian for the matter fields. The modified Einstein 
equations deriving from (|27[) arc 



-ma. 



T 



(28) 



E, 



= - ^g^R + o(R 2 ) + ... + o(n a ~ 1 R 2 ) . 



4 



We observe that there are no other linear terms in the 
curvature besides the Einstein tensor in ([25)1 . If we invert 
11281). for the Ricci tensor wc find 



= E ^ - \g^9 afi E af} + 0(R 2 ) - n 2 e- H ^T^ 



R = -sTE^ + 0{R 2 ) - K 2 e- H{U ^Tli 



(29) 



If we replace R^ and R inside AC, we get other opera- 
tors 0(R 2 ) which do not vanish when evaluated between 
external graviton states. On the other hand, the third 
and forth terms in (|26p still have zero expectation value. 
We conclude that the theory is not one- loop finite. 

In what follows, we are going to prove the "unique- 
ness" of the propagator pip for the case of a flat fixed 
background. Given the action (|2"T|) and the equations 
of motion (f2"5]h we want to prove the absence of ghosts 
and therefore the unitarity of the theory. We know that 
at one loop the more general counter terms we can add 
to the Lagrangian (f2"T)) are those given in (|2"5]l . so the 
regularized Lagrangian takes the following form 



£ Reg = C + AC. 



(30) 



Since we are interested in possible modification to the 
graviton propagator, we consider only the first two purely 
gravitational terms in (f25j) . Using the field equations (|28l 
we can rephrase such counter terms in the following 
form. 



1 



AC=- (x R^R^ + y R l 



■E^R^ + yg a0 E a/3 R + O{R 3 )) , (31) 



where y — — (y + 1/2)- Considering the following covari- 
ant redefinition of the metric field 



shows that a theory without quadratic terms in the cur- 
vature, but with infinite number of operators 0(R ), is 
ghost free and rcnormalizable. 

In this paper wc showed that N = 1 nonlocal super- 
gravity has the same spectrum of the local theory. Wc 
believe that the same result also holds for the extended 
SO(N) supergravity, at least for N ^ 4 on the basis of 



the results in [21[ . If this is the case, we will have a the- 
ory off-shell finite even at one loop, as a consequence of 
the Nielsen-Hughes formula [HJ ■ Such formula tells that 
the one loop beta function of a spin-s particle reads 



-(-1) 



2 s 



(2s) 2 



(35) 



Because of the global supcrsymmetry, we can only have 
quadratic counterterms in the curvature at one loop. 
However, for N = 4 the particle multiplet consists of: 
a vierbain field e afJl , four spin 3/2 Majorana fields ijA, six 
vector fields , four 1/2 Majorana fields £\ one scalar 
A and one pseudo scalar B. Consequently 

3=2,3/2,1,1/2,0 

This result proves that the off-shell N = 4 theory might 
be finite. 

In view of the results presented in this paper, we do 
not a priori exclude the possibility of defining at least 
at linear level an higher-derivative N = 8 supergravity 
that includes nonlocal form factors. Indeed, if the en- 
tire functions avoid extra poles in the propagators, then 
the argument in [2l[ does not apply and an higher deriva- 
tive extension of N = 8 supergravity seems constructive. 
Should that be the case, (3 = and the N — 8 theory 
would result to be finite. 



y^u R^iv ~l~ R y^iv 



the divergence (|3"Tj) becomes 



AL = E V , V Sg^ + 0(R 3 ), 



which is 0(R 3 ) on-shell (E^ = 0). In the new field 
variable the Lagrangian reads 



C + AC -> C + 0(R 3 



(32) APPENDIX: 

N = 1 AND N = 2 THREE DIMENSIONAL 
(CURVATURE) 2 "NONLOCAL" SUPERGRAVITY 

(33) ^ n ^ ms sec tion we study a nonlocal extension of the 
three-dimensional supergravity [33l ]. The particle multi- 
plet of N = 1 supergravity consists of (e™, xj;^, S), where 
e™ is the dreibein, ip^ is the Majorana-gravitino and S 
a real scalar auxiliary field. The Lagrangian we propose 

(34) here consists of the following three terms, 



showing that the poles of the propagator are left un- 
changed under quantization. Since the amplitudes are in- 
variant under a covariant field redefinition, then here we 
showed the uniqueness of the propagator without affect- 
ing the renormalizability properties of the theory. The 
most relevant point in this proof is the absence of other 
linear terms in the curvature, such as VV-R... in the clas- 
sical equations of motion (|28[) . Our result is in perfect 
agreement with the gravitational rcnormalizable theory 
presented in |3lj . In such paper the author elegantly 



C = - 
Ci = - 



(R 



1 



4k 2 2k 2 
1 



:^(V V A^p) 
1 

8' 



1 

2V 



eS 2 , 



-eR^aU)R^ + -eRi{U)R 



£2 = ^eR V (n)R - ^-e'R pa Y a i 1 {n)]p 1 TX 'R TX 



32 
1 



16 



(36) 
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where IZ^ — D^i/v — D v tp^. To get the propagators 
around the flat spacetime, we look into the bilinear terms 
of the total Lagrangian C = Cq + C\ + £ 2 , namely 



A: 



1 



ft"" 



£(□)□) i$ 



fJLU,p(T 



( K - 2 -(m + »?(□)) a)p^% 
1 



□ft'" 7 



"2^ 



2 - □) p(?y 2 ) 

(K- 2 -(e(n) + 77(n))n)(A ( i 1/2) W 



-s {k- 2 -(£(□) + 77(D)) n)s, 



(37) 



where the 3D-projectors are the analog of the corre- 
sponding ones in 41? (33| . Inverting the spin- blocks in 
(|37|) . we get the propagators for the h^, tp* 1 and 5 fields, 



□ 



(hftvhpo.):* — 
(55) cx 



p(2) 



p(0,s) 



1 - k 2 D £(□) 1 - k 2 D (£(□) + /?(□)) 



p 



(3/2) 



J LLl> 



(1/2) 



1-k 2 D£(D) 1-k 2 D (£(□)+ ??(□)) 

1 



K 2 (£(D) +??(□)) 



(38) 



In analogy with ([?])■ we again introduce two form factors 
fto(z) and ft 2 (z) in the following way, 

£(□) = a + fto(D) , »?(□)= j9 a + A 2 (n). (39) 

To avoid extra poles in the propagators, we consider the 
following entire functions, 



fto(D) 

ft 2 (n) 



e H(D) _ 1 . 

e g ( D > - 1 

k~ 2 0' 



a 2 



(40) 



We assume the quantum theory is renormalized at some 
scale jUo and we set 



a (/io) = ao, /3 2 (Mo) = #2 
The propagators in (|38| simplify to 

-H(0 



(41) 



e 



□ 

e -ff(n) 



p(2) 
fiv,pcr 



p(0,s) \ 
pv^pa J ' 



/ p(3/2) _ p(l/2) 



(42) 



The theory respects global supersymmctry, since there 
are no other poles in the propagators besides those ob- 
tained in the Co theory. 

For the TV — 2 supergravity, we proceed in the same 
way. The multiplct now consists of 8 + 8 degrees of free- 
dom: the graviton, a Dirac spinor, a real vector and 
a complex scalar (e™, A^, 73, 73*). The non-zero 

two point functions are 



(43) 



which arc identical to those in (|38|) . plus the vector field 
two point function. The bilinear Lagrangian in the vector 
field reads 



C(A) Vm = X -A» 



- *(□)□) Pg> 



(44) 



+ ( K - 2 -(£(□) +??(□))) ^ 



which leads us to the following propagator, 



A v 



{ApAv) cx 



p(T) 
r pv 



1-k 2 £(D)D 1 - k 2 (C(D) +r](D)D 



(45) 



where P' T ) and p( L ) are the usual transversal and lon- 
gitudinal vector field projectors. The two point function 
(|45|) . for the same choice of ft 2 (z) and ho(z) and the same 
identification (|4T|) . reads 

<VMoce-*ro(pj?+J#)), (46) 

which starts to propagate in the ultraviolet regime like 
the other auxiliary fields. 

In this section we have provided further evidence (TV = 
1 and the TV = 2 three dimensional supergravity) that 
non-locality nails the spectrum of the (curvature) 2 the- 
ory to be the same of linear theory while maintaining 
unitarity. 
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